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Introduction
Let (A, m, k) be a Noetherian local ring of dimension d ≥ 1. It is well known that for a finitely generated A-module M the numerical function n → ℓ(Ext i A (k, M/I n+1 M )) is given by a polynomial of degree at most d − 1 for i ≥ 1, see [14, Theorem 2] . We denote this polynomial by ε i M,I (x). When M = A we simply denote this by ε i I (x). Note that ℓ(Ext i A (k, M/I n+1 M )) is the i th Bass number of M/I n+1 M. Dually we have the numerical function n → ℓ(Tor A i (k, M/I n+1 M )) giving the i th Betti numbers of M/I n+1 M. Again by a theorem of Kodiyalam [14, Theorem 2], this is given by a polynomial of degree at most d − 1. We denote this polynomial by t A I,i (M, x). These polynomials are collectively called the Hilbert polynomials associated to derived functors because they generalize the usual Hilbert polynomial. It is of some interest to find the degrees of the polynomials ε i M,I (x) and t A I,i (M, x). For instance in [16, Theorem 18] it was proved that if M is a maximal Cohen-Macaulay A-module and I = m then deg t A m,1 (M, x) < d − 1 if and only if M is free. In [10, Theorem I] this result was generalized to arbitrary finitely generated modules with projective dimension at least 1 over Cohen-Macaulay local rings. In [11] it was proved that for an ideal I of analytic deviation one deg t A I,1 (M, x) < d − 1 then F I (M ) is free F (I)-module where F (I) = n≥0 I n /mI n is the fiber cone of I and F I (M ) = n≥0 I n M/mI n M is the fiber module of M with respect to I. Katz and Theodorescu in [12] prove that if I integrally closed then the degree of t A I,i (k, x) is equal to analytic spread of I minus one under some mild conditions on ring A. In the case of Hilbert polynomials associated to extension functor see [7] , [13] , [20] giving estimates on the degree of the polynomials in some cases of interest.
In this paper we provide a new class of ideals, namely ideals I satisfying the condition curv(I n ) > 1 for all n ≥ 1 ( see 2.2 for definition of curvature) for which the the numerical functions giving the i th Bass numbers and i th Betti numbers of A/I n are polynomials of degree equal to d − 1 for n >> 0. It follows from [1, Corollary 5 ] that there many examples of ideals with curv(I n ) > 1 for all n ≥ 1, we note this in 2.4 and 2.5 of section on preliminaries. Our results in the case of Bass numbers require the Gorenstein hypothesis on ring A while in the case of Betti numbers we require A to be Cohen-Macaulay. More precisely our results state: Theorem 1.1. Let (A, m, k) be a Gorenstein local ring of dimension d ≥ 1. Let I be an ideal of A with ht(I) ≥ d − 1 and curv(I n ) > 1 for all n ≥ 1. Let x 1 , . . . , x d−1 be a superficial sequence w.r.t. I and A l (x) = A/(x 1 , . . . , x d−l ) for 1 ≤ l ≤ d. Then for i ≥ d + 1, we have deg ε i A l ,I (x) = l − 1. In particular when l = d, we get deg ε i I (x) = d − 1.
Theorem 1.2. Let (A, m) be a Cohen-Macaulay ring of dimension d ≥ 1. Let I be an ideal with ht(I) ≥ d − 1 and curv(I n ) > 1 for all n ≥ 1.
is given by a polynomial t A I,i (k, z) of degree d − 1 for n >> 0.
We then consider more general functions for i ≥ 1 n → ℓ(Tor A i (M, A/I n ))
where J = {I n } is an I-admissible filtration of ideals in A. Here we assume that A is Cohen-Macaulay of dimension d ≥ 1 and that M is a non-free maximal Cohen-Macaulay A-module. Our main results show that these functions are given by polynomials of degree equal to d − 1 for the following cases of filtrations of ideals {I n }:
(i) J = {I n = I n } is an I-adic filtration where I is m-primary with r(I) = 1 i.e. ideals having reduction number one and Tor A i (M, A/I) = 0. (ii) J = {I n = I n } is the integral closure filtration of ideals in A where A is analytically unramified ring.
Moreover we also identify the normalized leading coefficient in the case (i) above.
In case (ii) we first prove the result in dimension one by using the fact that for integral closed m-primary ideal quotient I, ring A/I acts as a test module for finite projective dimension, see [6, Corollary 3.3] . We then prove the result by induction on dimension d by using Lemma 7.2.
Here is an overview of the contents of the paper. In section 2 on preliminaries we give all the basic definitions, notations and also discuss some preliminary facts that we need. In section 3 we estimate the degree of the polynomial ε i I (x) in the case when A is Gorenstein local ring of dimension one. In section 4 we proceed to estimate the degree of ε i I (x) in the general case of Gorenstein local ring of arbitrary dimension. This proves one of our main theorems 1.1 stated above. In section 5 we prove theorem 1.2 showing that the degree of the polynomial t A I,i (k, z) giving the Betti numbers of A/I n is d − 1 in the case of interest. In section 6 we consider more general Hilbert polynomials associated to derived functors of torsion functor. In this section we provide some conditions on ideal I and module M under which the associated Hilbert polynomials have degree exactly d − 1. Finally in section 7 we consider the case of integral closure filtration when the ring A is analytically unramified Cohen-Macaulay. We prove in theorem 7.4 that, in this case again, the degree of the associated Hilbert polynomial attains the upper bound of d − 1.
Preliminaries
Throughout this section we assume that that (A, m) is a Noetherian local ring with residue field k = A/m and M a finitely generated A-module. The n th Betti number of A-module M is denoted by β A n (M ) while the n th Bass number of M is denoted by µ n A (M ). We first define the notions of complexity and curvature of modules. We also mention some of their basic properties needed in this paper. For detailed proofs and other additional information, see [2, Section 4]. 2.3. We state some of the basic properties of complexity and curvature for finitely generated modules, see [2, Section 4] for detailed proofs. 
Let
A be a Noetherian local ring. Let P be a prime ideal in A such that A P is not a complete intersection and dim A P ≥ 1. By 2.4 above we have curv AP (P n A P ) > 1 for all n. As curv(P n ) ≥ curv AP (P n A P ) we have curv(P n ) > 1 for all n. A sequence of elements x = x 1 , x 2 , ..., x n is said to be I-superficial if x 1 is Isuperficial for A and for i ≥ 2, x i is I-superficial for A/(x 1 , ..., x i−1 ).
2.9.
We now recall the notion of filter regular sequence and mention a condition which guarantees their existence. Let R = 
2.11. Let I denote integral closure of ideal I. If A is analytically unramified then the filtration I = {I n } is an I-admissible filtration of ideals by a theorem of D.
Rees [18] . 2.13. The notion of superficial element can be generalized to modules and for any arbitrary filtration of ideals. Let I be an ideal in A and let M be an A-module. Let I = {I n } be an I-admissible filtration of ideals in A. We say that
We note the following, Convention: The degree of the zero polynomial is defined to be −∞.
One Dimensional Case
We now study the growth of ε i I (x) in the case when (A, m) is a Gorenstein local ring of d = 1 and I is an ideal of analytic spread l(I) = 1. We first need the following lemma. Proof. We may assume that the residue field of A is infinite. Let J = (x) be a minimal reduction generated by an I-superficial element. By graded Noether normalization we know that F (J) is a standard homogeneous k−subalgebra of F (I). Note that F (J) n =<x n >⊆ F (I) n . As µ(I n ) = dim F (I) n = 1 andx n = 0 so we obtain F (I) n =<x n > . So I n = (x n ) + mI n and hence by Nakayama lemma I n = (x n ). Now we claim that the following k-linear map is injective,
To do this letā ∈ I n−1 mI n−1 and suppose xa = 0 i.e. xa ∈ mI n = m(x n ). Since x is A-regular so a ∈ m(x n−1 ). Hence a ∈ mI n−1 i.e.ā = 0. Thus µ x is injective. This shows that µ(I n−1 ) ≤ µ(I n ) = 1. Iterating this we get µ(I) = 1. So I is a principal ideal. Proof. As d = 1 from [20, corollary 4] we know that ε i I (n) = c for n >> 0. So if c = 0 then Ext i A (k, A/I n ) = 0 for all n >> 0. There are two cases, ht(I) = 1 and ht(I) = 0. (i) If ht(I) = 1 then dim A/I n = 0. So if ε i I (n) = 0 for some i ≥ 1, then we have by [4, 3.5.12 ] that injdim A A/I n < ∞. Now since A is Gorenstein this gives us projdim A A/I n < ∞. As d = 1 for n >> 0 we find that projdim A/I n is either 0 or 1 by Auslander-Buchsbaum formula. If projdim A/I n = 0 then I n = 0. This contradicts ht(I) = 1. So projdim A/I n = 1. Hence,
Since rank A (A/I n ) = 0 we obtain that r = 1. So I n is principal. So by Lemma 3.1 above I is a principal ideal. This is a contradiction to the fact that I is nonprincipal ideal. Hence c = 0 and deg ε i I (x) = 0 in this case. (ii) Suppose ht(I) = 0. In this case dim A/I n = 1. So if ε i I (n) = 0 for some i ≥ 2, we have by [4, 3.5.12 ] that injdim A A/I n < ∞. Repeating the arguments as above we find that projdim A/I n is either 0 or 1. If projdim A/I n = 0 then I n = 0. This contradicts the fact that l(I) = 1. If projdim A/I n = 1 then projdim I n = 0 and so I n is a free A-module of rank 1. So I n = (u) for some u ∈ A. It is then easy to show that u is A-regular. So grade(I n ) ≥ 1. Since ht(I) = ht(I n ) = grade I n we have ht(I) ≥ 1, contradicting ht(I) = 0. Hence we obtain Ext i A (k, A/I n ) = 0 for all n >> 0. This shows that deg ε i I (x) = 0 for i ≥ 2. Now suppose i = 1. We claim that Ext 1 A (k, A/I n ) = 0 for n >> 0. Suppose Ext 1 A (k, A/I n ) = 0 for n >> 0. Then by [4, 3.1.13], we have Hom A (A/p, A/I n ) = 0 for all p = m and n >> 0. But then p contains A/I n -regular element. So all prime ideals p ∈ Spec A contain A/I n -regular element and hence Ass(A/I n ) = ∅. So A/I n = 0 contradicting the fact that I n is a proper ideal.
General Case
We now do the general case where (A, m) is a Gorenstein local ring of dimension d ≥ 1. Recall from 2.7 that L I (M ) is a graded R(I)-module.
Consider the following short exact sequence of graded R(I)-modules 
Proof. Let n ≥ 1 be such that curv(I n ) > 1. We claim projdim A A 1 /I n A 1 = ∞. So suppose on the contrary that projdim A A 1 /I n A 1 < ∞. We first observe that
Since projdim A A1 I n A1 < ∞ we have cx A A1 I n A1 = 0 and so cx A1
Hence by [2, 4.2.5(4)], curv A A/I n = curv A1 A 1 /I n A 1 . Already curv A1 A1 I n A1 ≤ 1, so we have curv A A/I n ≤ 1. Also by [2, 4.2.4(2)], curv(A/I n ) = curv(I n ) and so curv(I n ) ≤ 1. This contradicts the fact that curv(I n ) > 1. Hence we have projdim A A1 I n A1 = ∞. In this case, injdim A A1 I n A1 = ∞ as A is Gorenstein. Hence from [4, 3.5.12] we get µ i (m, A1 I n A1 ) = 0 for all i > dim A1 I n A1 . In the first case when ht(I) = d we have dim A1 I n A1 = 0. So in this case we obtain Ext i A (k, A1 I n A1 ) = 0 for all i ≥ 1. When ht(I) = d − 1, we have dim A1 I n A1 = 1 and so Ext i A (k, A1 I n A1 ) = 0 for all i ≥ 2. Suppose now that Ext 1 A (k, A1 I n A1 ) = 0. In this case by [4, 3.1.13], we have Hom A (A/p, A/I n ) = 0 for all prime ideals p with ht(p) = d− 1. But then p contains A/I n -regular element. In particular all minimal primes of I n contain A/I n -regular element. This is a contradiction. So Ext 1 A (k, A1 I n A1 ) = 0. Thus in both the cases we have Ext i A (k, A1 I n A1 ) = 0 for all i ≥ 1. Proof. From [20, corollary 4] we know that the numerical function
is given by a polynomial ε i A1,I (x) of degree at most dim A 1 − 1 = 0. Now since curv(I n ) > 1 for all n ≥ 1, by lemma 4.2 we have Ext i A k, A1 I n A1 = 0 for all n ≥ 1. Thus ε i A1,I is a non-zero constant polynomial and so deg ε i A1,I (x) = 0. Proof. The case d = 1 follows from Lemma 3.2. So now d ≥ 2. Note first that we may assume the residue field of A is infinite. Let A l = A l (x). We prove the result by induction on l. The result is true for l = 1 by the Lemma 4.3 above. So now assuming the result true for l ≥ 1, we prove it for l+1. Note A l+1 = A (x1,...,x d−l−1 ) . By Lemma 4.1 for i ≥ d + 1, Ext i A (k, L I (A l )) is finitely generated graded R(I)-module. So we can choose y ∈ I satisfying the following two properties,
We now extend the superficial sequence y ′ = x 1 , . . . , x d−l−1 , y to a maximal Isuperficial sequence y. Notice that A l+1 (x) = A l+1 (y). Since y is I-superficial sequence for A l+1 we have I n+1 A l+1 : y = I n A l+1 for n >> 0. This shows that the map µ y :
Hence the following is a short exact sequence for n >> 0,
Applying Hom(k, −) we get
Since yt ∈ R(I) 1 is Ext s A (k, L I (A l ))-filter regular for s = i, i + 1 we have the following short exact sequence,
It now follows that ε i A l (y),I (n+1) = ε i A l+1 ,I (n+1)−ε i A l+1 ,I (n) for all n >> 0. Now by induction hypothesis deg ε i A l (y),I (x) = l − 1, we have that deg ε i A l+1 ,I (x) = l. Notice that if l = d we have A d = A. So we obtain in this case that deg ε i I (x) = d − 1.
Betti Numbers of A/I n
Let (A, m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with infinite residue field k. We consider the following numerical function
It is well known that this numerical function is given by a polynomial for n >> 0 of degree at most d − 1 for i ≥ 1, see [14, Theorem 2]. We denote this polynomial by t A I,i (k, z). Note that ℓ(Tor A i (k, A/I n )) gives the i th Betti number of A/I n . We show that if curv(I n ) > 1 for all n ≥ 1 then deg t A I,i (k, z) is exactly d − 1. Proof. Suppose on the contrary Tor A i (k, A/I n ) = 0 for some n ≥ 1 and i ≥ 1. Then projdim A/I n < ∞. By the Auslander-Buchbaum formula projdim A/I n is either 0 or 1. If projdim A/I n = 0 then A/I n is free A-module. So I n = 0, a contradiction. If projdim A/I n = 1 then I n is free A-module and so I n is principal. Hence by Lemma 3.1, I is principal ideal, a contradiction.
Recall that for an I-superficial sequence x = x 1 , x 2 , ..., x d−1 in ideal I of A and for 1 ≤ l ≤ d we defined, A l (x) = A/(x 1 , ..., x d−l ). Assume that ht(I) ≥ d − 1. Proof. As dim A 1 = 1, we know from [14, Theorem 2] that deg t A1 I,i (k, z) ≤ 0. Now by Lemma 5.2 above we obtain Tor A i (k, A1 I n A1 ) = 0 for all n ≥ 1. This shows that deg t A1 I,i (k, z) = 0. We set R(M ) = R(I, M ) for the rest of the proof. Note that for i ≥ d − k + 1 we have Tor A i k, M [t] = 0. Hence applying the functor − ⊗ k we get the following long exact sequence for i ≥ d − k + 1, 
Proof. We may assume that the residue field is infinite. Also by [14, Theorem 2] we know that deg t A I,i (k, z) ≤ d − 1. First let d = 1. As curv I n > 1 for all n ≥ 1 we get ℓ(Tor A i (k, A/I n )) = 0 for all i ≥ 1 and n ≥ 1. So deg t A I,i (k, z) = d − 1 = 0. Now assume d ≥ 2. We know that the following function
is given by a polynomial t A l I,i (k, n) of degree atmost l − 1. Now we observe that depth A l+1 = l + 1, so by the previous Lemma 5.4 we find that Tor A s (k, L I (A l+1 ) is finitely generated graded R(I)-module for all s ≥ d − l. So for i ≥ d − l + 1 we can choose y ∈ I satisfying the following two properties,
We now extend the superficial sequence y ′ = x 1 , . . . , x d−l−1 , y to a maximal Isuperficial sequence y. Notice that A l+1 (x) = A l+1 (y). As in Theorem 4.4 we have the following short exact sequence,
Applying the functor − ⊗ k we get for i ≥ d − l + 1,
So for n >> 0 it follows that for all i ≥ d − l + 1,
I,i (k, n).
We now claim that the deg t A l I,i (k, z) = l − 1 for all i ≥ d − 1. We prove the claim by induction on l. When l = 1 we have from the Corollary 5.3 above that deg t A1 I,i (k, z) = 0 for i ≥ 1 . By above, when l = 2, we have for all i ≥ d−2+1 = d−1, t A1(y) I,i (k, n + 1) = t A2 I,i (k, n + 1) − t A2 I,i (k, n)
Since deg t A1 I,i (k, z) = 0 for i ≥ 1, we get deg t A2 I,i (k, z) = 1 for all i ≥ d − 1. Now assuming the claim is true for l, we prove it for l + 1, i.e. we show that deg t A l+1
I,i (k, z) = l for i ≥ d − 1. By above, we have for i ≥ d − (l + 1)
Now by induction hypothesis we have deg t
A l (y) I,i (k, z) = l − 1 for i ≥ d − 1. Hence deg t A l+1 I,i (k, z) = l for i ≥ max{d − 1, d − l} = d − 1. This proves that deg t A l I,i (k, z) = l−1 for all i ≥ d−1. Notice that when l = d we have A d = A. So deg t A I,i (k, z) = d−1 for all i ≥ d − 1.
Hilbert Polynomials Associated to Derived Functors
Let (A, m) be a Noetherian Cohen-Macaulay local ring of dimension d ≥ 1 with infinite residue field k and I be an m-primary ideal in A. Let M be a finitely generated maximal Cohen-Macaulay A-module. We now consider the following numerical function for i ≥ 1,
It is known from [14, Theorem 2] that this function coincides with a polynomial denoted by t A I,i (M, n) for n >> 0 of degree at most d − 1. We now recall the notion of reduction of an ideal. We say that J ⊆ I is a reduction of I if there exists a natural number m such that JI n = I n+1 for all n ≥ m. We define r J (I) to be the least such m. A reduction J of I is called minimal if it is minimal with respect to inclusion. Reduction number of I is defined as follows, r(I) = min{r J (I) | J is minimal reduction of I}. Lemma 6.1. Let A be a Cohen-Macaulay local ring of dimension d ≥ 1 and I be an ideal of A such that a = a 1 , a 2 , . . . a n be a regular sequence in I such that I 2 = (a)I. Then Proof. Note that by [4, Theorem 1.1.8]
The last isomorphism holds true because I(a) k = I k+1 and (a) k+1 ⊆ I k+1 . 
Proof. Since r(I) ≤ 1, there exists a minimal reduction J = (a 1 , a 2 , . . . , a d ) of I such that I 2 = JI where a = a 1 , a 2 , . . . , a d is an A−regular sequence. Since M is maximal Cohen-Macaulay A−module it follows that a is also an M −regular sequence. Now consider the following exact sequence
As a is M −regular sequence we have ℓ(Tor A i (M, A/(a) n )) = 0 for i ≥ 1. So for i ≥ 1, the long exact sequence of the functor M ⊗ − gives
By the lemma 6.1 above we have
Therefore, principal ideal generated by a regular element. This contradicts the fact that I is non-parameter ideal. Thus M is a free A−module.
Integral Closure Filtration
Suppose I = {I n } is an admissible I-filtration of m-primary ideals in A. Then as in the I-adic case, the numerical function n → ℓ(Tor A i (M, A/I n )) for any i ≥ 1 is given by a polynomial for n >> 0, denoted by t A I,i (M, z). When A is analytically unramified and I is an ideal of A then by a theorem of D. Rees [18] , it is known that I = {I n } is an admissible I-filtration. Proof. Since x is I-superficial for A, one has following exact sequence for all n ≫ 0
where the map i is defined by i n (a + I n ) = xa + I n+1 . Applying M ⊗ A − to above exact sequence gives the following exact sequence of A−modules Proof. Since grade(I, M ) > 0, we may assume that a 1 is M -regular element, Isuperficial on M and also I = {I n }-superficial element on M. Moreover we may choose generating set a 1 , . . . , a l such that each a i is regular element and also superficial element on M with respect to both I-adic filtration and the integral closure filtration I = {I n }. As A →Â is a flat extension we have that a 1 isM -regular element and superficial onM with respect to both IÂ-adic filtration and the integral closure filtration {I nÂ }. Proof of (i) is given in [5, Proposition 2.6] for the ring case. We adapt the same proof to the case of modules. First note that M T =M [X 1 , . . . , X l ]. Now let F ∈ I n+1 M T : MT ξ. Consider a monomial order on M T with X 1 < X 2 < . . . X l and let mX α1 1 X α2 2 . . . X α l l be the smallest term that appears in F. Since ξF ∈ I n+1 M T we obtain m ∈ (I n+1M : a 1 ). Since (I n+1M : a 1 ) = I nM for n >> 0 we get m ∈ I nM . Replacing F by F − mX α1 1 X α2 2 . . . X α l l and repeating the argument we find that all the coefficients of F are in I nM . So F ∈ I n M T . This proves I n+1 M T : MT ξ ⊆ I n M T for n >> 0. The other inclusion is obvious. As a 1 is {I nÂ }-superficial onM , the proof of I n+1 M T : MT ξ = I n M T is similar.
To show that B is analytically unramified we use Rees' criterion which states that a local ring (A, m) is analytically unramified if and only if there exists an mprimary ideal in A and k ≥ 1 such that I n ⊆ I n−k , see [18] . Since A is analytically unramified there exists k ≥ 1 such that I n ⊆ I n−k . So I n B ⊆ I n−k B and hence B is analytically unramified.
Proof of (iii) follows immediately from (i) by localizing at mÂ[X 1 , . . . , X l ]. For (iv) we note that A → B is a flat extension, so it follows from [4, 1.2.16] that M B is a maximal Cohen-Macaulay B-module. In (v), proof of ξ is J -superficial follows from [5, Proposition 2.6]. As noted in 2.13(1) since ξ is J -superficial we see that ξ is a regular element in B. Since ξ is B-regular and M B is maximal Cohen-Macaulay B-module we see that ξ is M B -regular. To prove (vi) we observe that ξ is M B -regular and so by 2.13(3) and (iii) above we see that ξ is superficial on M B w.r.t. {I n B}.
For (vii) note first that ξ is M B -regular by (v) above. Also by (iii) above we have I n+1 M B : MB ξ = I n M B for n >> 0. So by 2.13 (3) we get that ξ is superficial on M B w.r.t. J = {I n B}. Proof. We prove the theorem by induction on d. By Proposition 7.1 above, the result is true for d = 1. So we may assume that d ≥ 2. Suppose I = (a 1 , a 2 , . . . a l ). Consider the following extension of rings For proof of (i) see [9, Lemma 8.4.2(11) ]. For (ii) we note that L is maximal Cohen-Macaulay and that A → B is a flat extension, so from [4, 1.2.16] it follows that L B is a maximal Cohen-Macaulay B-module. Also since (A, m) → (B, n) is a faithfully flat extension of rings with n = mB, it is easy to see that L B = Syz B 1 (M B ). We proved (iii) in part(vi) of Lemma 7.3 above. For proof of (iv) see [5, Corollary 3.4] while (v) follows from [5, Corollary 3.7] . To show (C, n) is analytically unramified we use Rees' criterion. So it is enough to show that there exists k ≥ 1 such that I n C ⊆ I n−k C for all n ≥ 1. Since A is analytically unramified there exists k ≥ 1 such that I n ⊆ I n−k . By (v) above we have, I n C = I n C ⊆ I n−k C for n >> 0. So by using Rees' criterion we see that C is analytically unramified. To show that C is a Cohen-Macaulay ring we note that B is Cohen-Macaulay and ξ is B-regular.
Since A →Â andÂ → B are flat extensions we get the following isomorphisms, 
